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Synthetic quantum systems

Choi et al., Science (2016) Barredo et al., Science (2016) Bernien et al Nature 551, 579 (2017).
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and quantum dots, NV centers, cavity QED,..

Unigue ways to create, probe, many-body quantum states




Applications: quantum technologies
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Fermi-Hubbard simulation (MPQ) Google Sycamore chip

Understand quantum matter
(superconductivity, topology,
HEP,..)

Quantum algorithms
Optimization problems (Annealing)

Key challenge: probe quantum properties of these many-body systems



Characterizing quantum matter via correlation functic

Fermi-Hubbard system - Quantum Gas microscope

Hilker et al, - j E‘ : jrf # E‘

Science 2017 Y L |Ei'| E.-
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2-point Correlation functions Higher order (ex: String orders)
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Correlations functions can be measured -
C = Tr(pC)

“directly”
Most common probing tool in AMO gquantum simulation experiments.




Beyond low-order correlation functions: entangleme

A B

Two subsystems A and B

ATY (B)
are bipartite entangled iff 0) # |0a) @ ¥5) p= ) pipy @0,

Reduced density matrix PA — 1r B ( p)

Entanglement condition (Horodecki 1996) Tr [Pi] , 1T [sz] <Tr [Pz]

Quantifying entanglement for pure states —» Entanglement entropies

Sy=—Tra[palogpal von-Neumann

SO = logTralsh] <8 Snyi

A =7 log alpal <84 Nth Rényi
purity

S = _log(Tr}(p%)) 2" Rényi



Measuring entanglement entropies: so what?

| Measuring Entanglement entropies is fundamental for Quantum Simulationl

Many-body ground states Quantum Phase transitions Topological order
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Amico et al., Rev.Mod.Phys, 80, 517 (2008)
Eisert et al., Rev. Mod. Phys. 82, 277 (2010)

Area law: 8 o L2!

Quantum Thermalization

P. Calabrese and J. Cardy, PRL 2006
Badarson et al, PRL 2012

| (a) hx=hz=h
4| e h=02
| o h=03
= h=0.4
— 3 i
> |
B ol
2 |
g
c 1+t
LlJ L
O T e
l """"""" L
A (a) -10 2 4 6 8 10 12 14 16
P. Calabrese and J. Cardy, J. Stat. Mech (2004). fgfiiv’ Vig;sggl_’:glbgooa
Humeniuk, Roscilde PRB (2012) Jian é t al I<IP 2012
(2) o (n)
Sy (c/4) log(L ) Sy’ ~a,Lla _7

Topological entanglement

ntral char
central charge Entropy



Measuring entanglement entropies: so what? ‘

| Measuring the entanglement “power” of quantum computers l

“Checks” Universal behaviors

Purity checks
Entanglement checks
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Nahum et al, Phys. Rev. X 7, 031016 (2017)

How to measure entanglement in such many-body quantum systems?

|A new tool: randomized measurements l




A standard measurement protocol

Probability to
Controlled see a specific
time configuration
evolution Measurement Repeat P €
. ﬁ ......... - t; p S _|_
- - a 11ni
- . local spin
Spins eg. foc /N
interact direction number of Quantum _ M
times Expectation ‘Projection’
i value noise
Simple Ns a
‘classical’ Quantum
initial simulation/computation
state
Quantum
state p

Limited to observables’, correlation functions, etc

Not applicable to Entanglement-related quantities, nonlinear functions w.r.t the density matrix




A new tool: randomized measurement protoco

Randomized measurement

| controlled Measurement
C°';f;‘|’:ed | | randomness - random number
evolution U -Measurement Repeat
- eg. local spin S > Pp,U (S)
. direction
Spins random
interact unitary
. Sim|:_>le , Quantum
classical Simulation : .
initial state Ensemble average over random unitaries
/
Correlations of probabilities P, (s1)P o (s2) Mixed-state

entanglement
Purity-Entanglement (PPT condition)
Zhou et al, PRL 2020

entroples Elben, .., BV PRL 2020
Van Enk, Beenakker 2012 ,
A.Elben, BV, et al. See also works by Knips
PRL 2018, PRA 2018, PRA 2019 Ketterer

Brydges,..,BV,.., Science 2019
Huang, Kueng, Preskill, Nature Physics 2020

Elben et al, aarXiv:2101.07814 Scrambling of quantum

Cross-platform information
verification Elben,..,BV
Elben. BV. et al. BV et al., PRX 2019 Sci. Adv. 6 (2020)
PRL 2020 Joshi, BV, et al PRL 2020 ZP Cian, BV, et al

Arxiv:2005.13543



Part 1: Tutorial on randomized measurements: Measuring the purity and 2" Renyi entropy
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Part 2: Probing mixed-state entanglement via randomized measurements

Elben et al, PRL 2020
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Single Hilbert-space approach [van Enk, PRL 2012]

Ex: Measuring a
Single qubit purity

Projective measurement: Randomized measurements:
One measurement setting, for Random unitary before
example z basis measurements

P,(0) = (0 upu'|0) € [0, 1]

u € CUE, (Circular unitary ensemble)




Single Hilbert-space approach [van Enk, PRL 2012]

Ex: Measuring a
Single qubit purity

Pure state

1.0

005005 00 05 10
(J,a-)u

Statistics of randomized measurements - purity

Py,(s) = (s|upu' |s)

Ensemble variance CUE

Message: The purity can be understood as statistical
fluctuations over randomized measurements

Limitation: Requires global random unitaries” for a
many-body system



Randomized Measurement Protocols as “experi

Protocol for spin systems with local random unitaries
Elben, BV et al. (PRL 2018, PRA 2019)

| ocal random
unitaries

UA =®u@-

. . Hamming distance
Average over random unitaries /

Tr [pi] — X_U with XU _ 2NA Z (—2)_D[SA’S;1]PU(SA)PU(S:Z[)

/
/ SA,S
Proof: average mA

over local unitary
2-designs

Cross correlation

Number of measurements to overcome stat. errors : ~ 2NAl



Randomized Measurement Protocols as “experimental recipe

Ty [0,24] =Xy with Xy = 2Na Z (_2)—D[SA3824]PU(SA)PU(S;l)

SA,8'4
Proof: 2 design properties of the CUE 53@1;. e
(ﬂz‘)shsgn(ui);sgz; = —
. _ 53@1)}3;2)53(3)!3(.4) + 53;1)}3;4) 53(3)}3(2)
(ui)si,sgl) (’Hi)si!sgzj (Hi)sijst@) (ui )31,354) = d(d n 1)
2 1 4 3
(s uf [si) (il wi 557 (s | ] Oisiui ™) = 6,0 o1 o
O4(s1) = d(d + 1) |sy) (s:] — dI,
[ HI |Si} (Si| U ] [ HIO;‘ (Si)’-hii J — Z-des,]gn

Take-Home-Message: Average terms involving randomized unitaries lead to very simple
relation between matrix indices



Randomized Measurement Protocols as “experiment

Ty [0,24] =Xy with Xy = 2Na Z (_2)—D[SA,8,A]PU(SA)PU(SQL)

SA,8'4
[ u:_-r |8;:) (s4] u; ] [ uIOi(si)ui ] — 2-design
1 unitary
i | [ UJ{ |51) (s1| s ] [ uJ{Ol(Sl)m ] p— Multiple 2-design
N unitaries [ u; 59) (52| g ] [ H;OQ(SQ)HQ J
EHL |sn) <5N| HN] [ULON(SNJHNJ

e Multiple 2-design

—[ ul|s) (s|u ]— —[ uwO(s)u ]—

(indices packed)

Randomized measurement Surgery: Plugging the statistical correlations to make a quantity measurable




Experimental demonstration witl

Brydges et al, Science 2019

Preparation Quench Random
lon chain Dynamics measurements
lon 1
lon 2
Time
evolution

Goal: Study the emergence of entanglement from a product state (quantum thermalization)

(1) = e 01...01)  Hxy =h) Ji(ofo5 +oiaf)+hY (B+bj)o]
J

1<jJ



Experimental demonstration with trapped ions

t=0 State is a product state f010101010_1)—> large stat. fluctutations
Experimental data for 5 qubits
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Experimental demonstration with trapped ions

t=5 ms We have entanglement, i.e a reduced mixed state...
Experimental data for 5 qubits

1.0

0.8 - unitary 0 Xy=0.36 MEAN(X;)=0.36

Est. Purity

0.6

Probability

Pul(s)

0.4 -

0.2





Experimental demonstration with trapped ions

Following the growth of entanglement as a function of time
purity Tr[pi] total Renyi entropy
puritys gy
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See also pionnering works by Jaksch, Pichler, Zoller, Daley, etc with multiple copies in Hubbard systems



Renyi entropy measurements in quantum computers (Wo

With Andreas Elben, Peter Zoller (Innsbruck),
Xiao Mi, Pedram Roushan, Yu Chen, Vadim Smelyanskiy, and Google Al quantum team

i Google Al

Goal:
- Verify guantum computing task (decoherence+ entanglement)

- Probe 2D entanglement growth

Tools: Local randomized measurements
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Renyi entropy measurements in quantum computers (Work i

Renyi Entropy for Closed Systems (Metrology Applications)

Renyi Entropy, 5;

8 qubits
' —0—0—0—0—0—0—0
O o Sl RS e L e L I
—&— B8 qubits [Circuit 1) ';_,
—&— 8 qubits [Circuit 2)
3.0 +— : - !
2.5
2.0
|
15 i : . .
| Purity error per cycle:
¥ 0.048
104 | ! |
lél ﬁl 1||:l 1:5 zlu zls 31I:I'
Number of Cycles

Renyi Entropy, 53

12 qubits

s : =
5.5
5.0
as
20
e
10
2.5 —Purity error per cycle:
2.0 1 - 0.085
0 5 10 15 20 25 50
Number of Cycles

Circuits are RC with microwaves and sqrt-iSWAP gates.
Dashed lines show fits to theory with depolarization error model.
8 qubits: 40K measurements, 30 random gate sets.

12 qubits: 250K measurements, 30 random gate sets.



Renyi entropy measurements in quantum computers (Work

Observation of entanglement growth in two dimensions
0

—®— 3-Qubit Subsystem

—a— 4-Qubit Subsystem
—8— 35-Qubit Subsystem A

12 1 _@— 6-Qubit Subsystem | i
—#— 7-Qubit Subsystem
—8— B-Qubit subsystem
’_,.""_ ',_.T_ . -

|
—&— 9-Qubit Subsystem , j..'a-f/\_
10 A = g |

| —e— 10-Qubit Subsystem I
~@— 11-Qubit Subsystem
—8— 12-Qubit Subsystem

Renyi Entropy, 5;

0] \ 5 10 15 20 25 30
Mumber of Cycles

Compatible with an area law: Volume law

So ~ L4 So ~ Ny

Question: How can we distinguish entanglement from decoherence?



Part Il: Mixed-State Entanglement from Local Randomized Measurements

Phys. Rev. Lett. 125, 200501 (2020)

A. Elben (Innsbruck) R. Kueng (Caltech - Linz), R. Huang (Caltech), R. van Bijnen
(Innsbruck) C. Kokail (Innsbruck) , M. Dalmonte (Trieste), P. Calabrese (Trieste), B. Kraus,
(Innsbruck) John Preskill (Caltech), Peter Zoller (Innsbruck), and BV




Mixed-state entanglement

Mixed-State Entanglement

- - ot > piry) @p”
— - J

= 22

A B

What kind of entanglement detection?
: _ Not very powerful for highly mixed states
Purity test: | e [gi] T [oh] < T o] (Brydges 2019)

Entanalement The relevant operastor is state-dependent
niang _ (ex: CHSH inequalities..)
withess:

Not a quantifier of mixed-state
entanglement

N Powerful (ex: sufficient for two qubits)
PPT condition Basis-independent
Entanglement monotone: negativity

Relevant in quantum field theories



Mixed-state entanglement

Positive-Partial-Transpose (PPT) Condition for mixed state entanglement

. _ (k) & (k)
If the state is separable PAB — CkpP A PB
k
Partial transposition
T kY. I - :
Then PAB = Zﬂ'ﬁ: {(ﬁfq})j ® ;0,(13}] , IS positive semi-
I definite, i.e only has
positive eigenvalues
. T'A :
Conversely, If PAB ——» The state is not separable, l.e
IS not positive semi-definite entangled

y
Example: Bell state PAB = |B€ll><B€ll| PaB =[[0. 0. 0. 0.5] Spec =

=[[0. 0. 0. 0. ] [0. 0.50. 0.] (0.5,0.5,0.5,-0.5)
[0. 0.50.50.] [0. 0. 0.50.]

[0. 0.50.50.] [0.50. 0. 0.]]

[0. 0. 0. 0.]]

00 01 10 11

How to detect entanglement via the PPT condition in multi qubit systems??



Mixed-state entanglement

Our approach: Measuring PT moments P, = 'I‘r[(pg‘%)”] tor m=21:2.8. : vz

- Quantify mixed-entanglement in quantum- 4Chung, PRB 2014
field theories: L SRR s e e -
pionnering works by P. Calabrese and co-workers 3p :

- A measurable powerful entanglement condition
Elben et al, PRL 2020




Mixed-state entanglement

Measuring PT moments via local randomized measurements

Key ideas:

1) Randomized measurements are  tomographically complete™ Elben, et al PRA 2019
(see also Ohligher NJP 2013 for Hubbard models)

Measured bit strings

A B /
- - - . (T T T T r
W— —@— -_ pié = ® [3(155 ))T Ikz( )) {ki }|u£ ) —]Ig]
1€cAB
Ut T.L3| Uq|lUs||Us
| (7
A4z [ﬂqu)g = PAB

2) Polynomials of the density matrix can be estimated via U-statistics
(Huang et al, Nature Physics 2020)

- Multi-linear postprocessing of the data (no tomography)

- Measurement budget ~2NA8l



Mixed-state entanglement

First experimental measurements of PT moments Elben et al, Phys. Rev. Lett. 125,
200501 (2020)

Data: Brydges , Science 2019 (reanalyzed)

Entanglement detection Entanglement spreading

Quantum-field theory predictions: P.
Calabrese et al
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Conclusion

Randomized measurements: a versatile toolbox to probe many-body physics in guantum experiments
Current efforts

Symmetry-resolved V. Vitale, A. Elben, R. Kueng, Optimized A.Rath, A. Elben, R. van Bijnen, P.
entanglement A. Neven, J. Carrasco, B. protocols  Zoller, A. Minguzzi
Kraus, P. Zoller, P. Calabrese,
BV, M. Dalmonte

https://arxiv.org/abs/2101.07814 Quantum device B

' b 2

N;‘“ Random RM

—— | unitary
|

- [ Deep Neural Network
! : ¥ ¢ IMPS sampler

tr=1/d
t1=1/VA"}f t2:1/")f
Random Time-of-flight Microscopy Measuring Spectral Form Factors
P. Naldesi, A. Elben, P. Zoller, A. Minguzzi L. Joshi, A. Elben, P. Zoller

Pixel size a?
Sensor
. ) :r.

by i

Quantum part;‘\'\‘\‘\

Random Hopping+Time of Flight



Thank you!
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