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Benoit Vermersch (benoit.vermersch@lpmme.cnrs.fr) -December 5, 2022

1 Density matrix

The density matrix p summarizes all the physical properties of a quantum S, embedded in an environment E (For
instance , think of a quantum computer S subject to a decoherence environment),

1. To introduce p, we first write the expectation value of an arbitrary operator O = Og ® 1 acting on S, for a
general wavefunction

[9) =D emn Im)g @ [n) g (1)

m,n

describing the combined state of the system and environnement. Here, {|m)g}, {|n) 5} are orthonormal bases
descring the system, environment respectively. Write this expectation value of O as a function of {cp, p}-

Solution:

(WIO[) = 3" hntumrin (m|Os|m’) (2)

m,n,m’

2. We introduce the partial trace operation as

trp(A) = Y b (n|Aln) 3)

The linear operation g (n|- is defined as g (0’| (|m)g ® |n) ) = 0p,n' |m)g. We define the density matrix of
the system S as p = trg(|¢) (¥]). Write p as a function of the decomposition {cy, .}
Solution:
P = Z CnCm/ 0’ B (n"[Im") g ® [n') g (m|g @ (n|g |”H>E = Z CrnnCm Im’) s @ (m|g (4)
3. Show that (|O|¢)) = Tr(pOg). Comment

Solution:

Tr(p0s) = D ChnCmrn (mOs|m’) = (¥|Of) (5)

m,n,m’

The expression of p allows us to extract the expectation value of any observable of the system.

4. Show that p is Hermitian positive semi-definite, and that it has unit trace

Solution:
Pr="3" CmnChnlm)g @ (m'|g=p (6)
m,m’,n
For a given |¢) = >, oy |I)
(@lplo) = Y (afcin)(aucy ) >0 (7)
LU mn
Tr(p) = chn,ncm,n =1 (8)

5. Write how the density matrix evolves via a unitary operation U acting on the system S7 Solution:

) =Ue1)y) (9)

P =Trg[(U®1)[p) | (U 1) =UpU! (10)



10.

11.

12.

2 Pure states and decoherence

We introduce ps = tr(p?). Show that a ‘pure state’ p = |¢) ¢ (¢| associated with a decoupled environment
|Y) = |¢) g |#) i has pa = 1. py is called the purity and measures to which extent a system is decoupled from
its environment.

Solution:

p2 = Tr(|9) (9] [9) (¢]) = tr(|$) (¢]) =1 (11)

Show that the purity is constant under unitary operation.

Solution:
p2(p') = Te(UpUTUpUT) = py (12)

We introduce the depolarization channel £ of rate p, for a system of ¢ qubits
p'=Lp)=1-pp+(p/2)1 (13)

Calculate the purity of p’, and discuss the extreme cases p = 0,1 for p a pure state
Solution:

p2(p') = (1 = p)*p2 + 2p(1 — p) /27 +p* /29 = (1 = p)°po + p(2 — p) /27 (14)
For p a pure state, we obtain p2(p’) = ps = 1 for p = 0, and pa(p’) = 1/29. Note that the state 1/29 with
purity 1/29 is called the maximally mixed state.

3 Quantum state tomography

Quantum state tomography describes a protocol to measure the density matrix p in a quantum computer
with ¢ qubits. It is based on decomposing p is a basis of ‘Pauli strings’ with o = Q?_, 0;, 0; = 1,, X;, Y3, Z;.

0= cro (15)

Show that Tr(oo’) = 0, Write the expression of ¢, as a function of p and o.

Solution:
Tr(oo’) = Tr(® oi0}) = H Tr(oy0;) = H bo1.00 = 00,07 (16)
Tr(po) = ZTr(c;Ua') = c,2? (17)
Write the probability to observe a given bitstring s = s1,..., s, as a function of the density matrix.

Solution: We have P(s) the expectation value of the operator O = |s) (s|]. So
P(s) =Tr(pls) (s[) = (slpls) (18)

Using the identities X = HZH, Y = SXS' = SHZHS', show that we can write a Pauli operator as
oi = U} (10) (0] + i |1) (1T
Solution: For o; = 1, we take U; = 1, and ¢; = 1. For 0; = Z, we take U; = 1, and ¢, = —1. For 0; = X,
weuse U; = H, ¢, = —1,....

Write a quantum circuit to measure each term c¢,, i.e to perform quantum state tomography.

Solution: We can write
o = 0 @@y =UL(0) (0] + e |1) (1)Us ... Uyt(10) (0] + ¢ 1) (1)U,
= U fals) (shU (19)

with U = U; ® ...U, and f; is a combination of the ¢; numbers, Therefore

(o = 2T (U Y o) (51 U) = 3 fuPu(s) (20)

with Py (s) = (s|pu|s), py = UpU' the state after application of the unitary U. This mean we can perform
tomography by applying U on p, measuring the Born probabilities Py (s) and extracting ¢, via the above
equations.
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